Via a computer search, Altshuler and Steinberg found that there are 1296 + 1 combinatorial 3-manifolds on nine vertices, of which only one is non-sphere. This exceptional 3-manifold K 3 9
Introduction and results
Recall that a simplicial complex is a collection of non-empty finite sets (sets of vertices) such that every non-empty subset of an element is also an element. For i ≥ 0, the elements of size i + 1 are called the i-simplices (or i-faces) of the complex. For a simplicial complex K, the maximum of k such that K has a k-simplex is called the dimension of K and is denoted by dim(K). If any set of ⌊ d 2 ⌋ + 1 vertices form a face of a d-dimensional simplicial complex K, then one says that K is neighbourly.
All the simplicial complexes considered here are finite. The vertex-set of a simplicial complex K is denoted by V (K). If K, L are two simplicial complexes, then a simplicial isomorphism from K to L is a bijection π : V (K) → V (L) such that for σ ⊆ V (K), σ is a face of K if and only if π(σ) is a face of L. Two complexes K, L are called isomorphic when such an isomorphism exists. We identify two simplicial complexes if they are isomorphic.
A simplicial complex is usually thought of as a prescription for construction of a topological space by pasting geometric simplices. The space thus obtained from a simplicial complex K is called the geometric carrier of K and is denoted by |K|. If a topological space X is homeomorphic to |K| then we say that K is a triangulation of X. A combinatorial d-manifold is a triangulation of a closed pl d-manifold (see Section 2 for more). For a set V with d + 2 elements, let S be the simplicial complex whose faces are all the non-empty proper subsets of V . Then S triangulates the d-sphere. This complex is called the standard d-sphere and is denoted by S d d+2 (V ) or simply by S d d+2 . If σ is a face of a simplicial complex K then the link of σ in K, denoted by lk K (σ) (or simply by Lk(σ)), is by definition the simplicial complex whose faces are the faces τ of K such that τ is disjoint from σ and σ ∪ τ is a face of K.
Let M be a d-dimensional simplicial complex. If α is a (d − i)-face of M , 0 < i ≤ d, such that lk M (α) = S i−1 i+1 (β) and β is not a face of M (such a face α is said to be a removable face of M ) then consider the complex (denoted by κ α (M )) whose set of maximal faces is {σ : σ a maximal face of M, α ⊆ σ}∪ {β ∪ α\{v} : v ∈ α}. The operation κ α : M → κ α (M ) is called a bistellar i-move. For 0 < i < d, a bistellar i-move is called a proper bistellar move. In [2] , Altshuler and Steinberg found from their computer search that all the 9-vertex 3-spheres are equivalent via a finite sequence of proper bistellar moves. Here we prove: Theorem 1 . Every 9-vertex combinatorial 3-manifold is obtained from a neighbourly 9-vertex combinatorial 3-manifold by a sequence of (at most 10) bistellar 2-moves.
In [1] , Altshuler has shown that every combinatorial 3-manifold with at most 8 vertices is a combinatorial 3-sphere. (This is also a special case of a more general result of Brehm and Kühnel [6] .) Via a computer search, Altshuler and Steinberg found (in [2] ) that there are 1297 combinatorial 3-manifolds on nine vertices, of which only one (namely, K 3 9 of Example 1 below) is non-sphere. Here, we present a computer-free proof of this fact. More explicitly, we prove : Theorem 2 . Up to simplicial isomorphism, there is a unique 9-vertex non-sphere combinatorial 3-manifold, namely K 3 9 .
Note that Theorem 2 was a key ingredient in the proof of the main result (viz, nonexistence of complementary pseudomanifolds of dimension 6) in [4] . The proof of Theorem 2 presented here makes the result of [4] totally independent of machine computations. This was one of the prime motivations for the present paper.
Preliminaries
For i = 1, 2, 3, the i-faces of a simplicial complex K are also called the edges, triangles and
For a face σ in a simplicial complex K, the number of vertices in lk K (σ) is called the degree of σ in K and is denoted by deg K (σ). The induced subcomplex C(σ, K) on the vertex-set V (K) \ σ is called the simplicial complement of σ in K.
By a subdivision of a simplicial complex K we mean a simplicial complex K ′ together with a homeomorphism from |K ′ | onto |K| which is facewise linear. [9] ). A graph is an 1-dimensional simplicial complex. For n ≥ 3, the n-vertex combinatorial 1-sphere (n-cycle) is the unique n-vertex 1-pseudomanifold and is denoted by S 1 n . A coclique in a graph is a set of pairwise non-adjacent vertices.
A simplicial complex K is called pure if all the maximal faces of K have the same dimension. A maximal face in a pure simplicial complex is also called a facet. 
Let K be an n-vertex d-pseudomanifold. If u is a vertex of K and v is not a vertex of K then consider the pure simplicial complex Σ uv K on the vertex set V (K) ∪ {v} whose set of facets is {σ ∪ {u} : σ is a facet of K and u ∈ σ} ∪ {τ ∪ {v} : τ is a facet of K}. Then Σ uv K is a (d + 1)-pseudomanifold and is called the one-point suspension of K (see [3] ). It is easy to see that the links of u and v in Σ uv K are isomorphic to K. 
The following result (which we need later) follows from the classification of combinatorial 2-spheres on ≤ 7 vertices (e.g., see [1, 3] ).
If κ α is a proper bistellar i-move on a pure simplicial complex M and lk
d+1 (β) then the bistellar d-move κ {u} : M → κ {u} (M ) = N deletes the vertex u (we also say that N is obtained from M by collapsing the vertex u). The operation κ β : N → M is called a bistellar 0-move. We also say that M is obtained from N by starring the vertex u in the facet β of N .
.. . If M is a 3-pseudomanifold and
Two simplicial complexes K and L are called bistellar equivalent (denoted by K ∼ L) if there exists a finite sequence of bistellar moves leading from K to L. Let κ α be a proper bistellar i-move and lk
Conversely, it was shown in [8] , that if two combinatorial manifolds are combinatorially equivalent then they are bistellar equivalent.
Let τ ⊂ σ be two faces of a simplicial complex K. We say that τ is a free face of σ if σ is the only face of K which properly contains τ . (It follows that dim(σ) − dim(τ ) = 1 and σ is a maximal simplex in K.) If τ is a free face of σ then K ′ := K \ {τ, σ} is a simplicial complex. We say that there is an elementary collapse of K to K ′ . We say K collapses to L and write K ց s L if there exists a sequence
If L consists of a 0-simplex (a vertex) we say that K is collapsible and write K ց s 0. Suppose P ′ ⊆ P are polyhedra and P = P ′ ∪ B, where B is a pl k-ball (for some k ≥ 1). If P ′ ∩ B is a pl (k − 1)-ball then we say that there is an elementary collapse of P to P ′ . We say that P collapses to Q and write P ց Q if there exists a sequence P = P 0 , P 1 , . . . , P n = Q of polyhedra such that there is an elementary collapse of P i−1 to P i for 1 ≤ i ≤ n. For two simplicial complexes K and L, if K ց s L then clearly |K| ց |L|. The following is a consequence of the Simplicial Neighbourhood Theorem (see [5] ). 
Proof of Theorem 1
For n ≥ 4, by an S 2 n we mean a combinatorial 2-sphere on n vertices. If a combinatorial 3-manifold has at most 9 vertices then it is connected and hence is a 3-pseudomanifold.
Suppose the result is false. Let B denote the collection of all facets B ∈ N such that u ∈ B and B contains a triangle of X. Then B is a set of 4-sets satisfying (a) each element of B is contained in V (X), (b) each triangle of X is contained in a unique member of B, and (c) each member of B contains one or two triangles of X. (Indeed, if B ∈ B is not contained in V (X) and β ⊆ B is a triangle of X, then κ β is a 1-move on N which increases deg(u), contrary to our assumption that N does not admit such a move. This proves (a). Now, (b) is immediate since N is a pseudomanifold. If B ∈ B contains three triangles of X then these three triangles have a common vertex x, and deg N (x) = 4, contrary to our assumption that the minimum vertex-degree of N is ≥ 5. This proves (c)).
Let G denote the graph whose vertices are the 4-subsets of V (X) containing 1 or 2 triangles of X. Two vertices are adjacent if the corresponding 4-subsets have a triangle of X in common. It follows that B is a maximal coclique in G. So, we look for the maximal cocliques of G for each admissible choice of X.
In case k = 5, X is of the form S 0 2 (xy) * S 1 3 (abc). In this case, G has a unique maximal coclique C = {xyab, xyac, xybc}. If B = C, then N contains a proper 3-dimensional subpseudomanifold S 1 3 (uxy) * S 1 3 (abc), a contradiction. So, k ≥ 6. Let k = 6. Then X is isomorphic to S 3 or S 4 (defined in Example 2). Consider the case X = S 3 . Then the vertices of G are v 1 = x123, v 2 = y123, v 3 = x234, v 4 = y234, v 5 = xy14, v 6 = xy23, v 7 = x124, v 8 = y124, v 9 = x134, v 10 = y134, v 11 = xy13, v 12 = xy24 and
Note that Aut(X) ∼ = Z 2 × Z 2 , generated by (x, y) and (1, 4)(2, 3). Up to this automorphism group, the maximal cocliques of G are
If B = C i , for 1 ≤ i ≤ 4, then the available portion of lk N (x) can not be completed to a 2-sphere, a contradiction. If B = C 5 then lk N (1) = S 0 2 (u4) * S 1 3 (xyz), so that deg N (1) = 5 < k, a contradiction. If B = C 6 then lk(x) and lk(y) are S 2 6 's with vertex-sets {u, 1, 2, 3, 4, y} and {u, 1, 2, 3, 4, x} respectively. It follows that the remaining (one or two) vertices can only be joined to each other and with 1, 2, 3, 4. Then these vertices have degree ≤ 5, a contradiction.
Next assume that X = S 4 . Up to automorphism of X, there are two maximal cocliques of G, namely, C 1 = {x 1 y 1 x 2 x 3 , x 1 y 1 x 2 y 3 , x 1 y 1 y 2 x 3 , x 1 y 1 y 2 y 3 } and C 2 = {x 1 y 1 x 2 x 3 , x 1 y 1 x 2 y 3 ,
Thus k = 7 and n = 9. Let uv be a non-edge. Then f 1 (N ) ≤ 35 and hence f 3 (N ) ≤ 26. Since there are 10 facets through u and 10 facets through v, it follows that #(B) ≤ 6. Since there are 10 triangles in X and each member of B contains at most two triangles of X, #(B) ≥ 5. Thus B is a maximal coclique of G of size 5 or 6.
Since X has 7 vertices, X is isomorphic to S 5 , . . . , S 8 or S Up to this automorphism group, there are only 11 maximal 6-cocliques and 3 maximal 5-cocliques. These are If B = C i , for i = 1, . . . , 5 or 7, then x becomes a singular vertex, a contradiction. If B = C 9 , then x becomes a vertex of degree 6, a contradiction. For i ∈ {6, 8, 10, 11, 12, 13, 14}, if B = C i then 5 becomes a vertex of degree 5, a contradiction. Now, let X = S 6 . Then the vertices of G are
Aut(X) ∼ = Z 2 ×Z 2 , generated by (x, y) and (1, 5)(2, 4). Up to Aut(X), there are 11 maximal 6-cocliques and one maximal 5-coclique. These are
For i ∈ {1, 3, 4, 5, 6, 7, 9, 11}, if B = C i then x becomes a singular vertex, a contradiction. If B = C 2 or C 12 then deg(2) = 5, a contradiction. If B = C 8 or C 10 then lk(x) is an S 2 7 with vertex-set {u, y, 1, . . . , 5}. So, uv and xv are non-edges and hence deg(v) ≤ 6, a contradiction.
Consider the case, X = S 7 . Then the vertices of G are (4, 5). There is no maximal 5-coclique and up to Aut(X), there are 13 maximal 6-cocliques. These are 
is neighbourly. Since f 1 (M ) ≥ 4 × 9 − 10 = 26 (see [10] ) and each bistellar 1-move produces an edge, l ≤ 10. Let α i = lk
). This completes the proof. 2 Remark 1 . Let C 3 7 be the cyclic 3-sphere whose facets are those 4-subsets of the vertices of the 7-cycle S 1 7 (1 · · · 7) on which the 7-cycle induces a subgraph with even-sized components. Let K be the simplicial complex C 3 7 \{1234}. Let K ′ be the simplicial complex on the vertexset {1 ′ , . . . , 7 ′ } isomorphic to K (by the map i → i ′ ). Consider the simplicial complex M which is obtained from K ⊔ K ′ by identifying i with i ′ for 1 ≤ i ≤ 4. Then M is a combinatorial 3-sphere (connected sum of two copies of C 3 7 ). The minimum vertex-degree in M is 6. The degree of the vertex 6 in M is 6 with non-edges 65 ′ , 66 ′ and 67 ′ . But, there is no bistellar 1-move κ β : M → κ β (M ) such that deg κ β (M ) (6) = 7. So, Lemma 3.1 is not true for n = 10.
Remark 2 . Let X be an S 2 k . Let α = α(X) denote the number of 4-subsets of V (X) which contain one or two triangles of X. While proving Lemma 3.1, we noticed that when k = 6, α(X) = 12, and when k = 7, α(X) = 25 : independent of the choice of X! This is no accident. Indeed, we have α(S 2 k ) = (k − 2)(2k − 9), regardless of the choice of S 2 k . This may be proved by noting that any two S 2 k are equivalent by a sequence of proper bistellar moves, and α is invariant under such moves. The explicit value of α may then be computed by making a judicious choice of S 2 k .
Lemma 4.5 . The link of any good vertex in M 3 9 is isomorphic to the 2-sphere S given below.
Proof. Let v be a good vertex. Let 1235 and 4678 be two disjoint facets not containing v. Let L = lk(v). In view of Lemma 4.2, we may assume that the induced subcomplex of L on 1235 and 4678 are S 1 3 ({1, 2, 3})∪{5} and S 1 3 ({6, 7, 8})∪{4} respectively. Hence V (lk L (5)) ⊆ {4, 6, 7, 8} and V (lk L (4)) ⊆ {1, 2, 3, 5}. It follows that no triangle of L contains 45, so that 45 is not an edge of L. Therefore, lk L (5) = S 1 3 ({6, 7, 8}) and lk L (4) = S 1 3 ({1, 2, 3}). Since each vertex of L is adjacent in L with 4 or 5, and no two degree 3 vertices are adjacent in an S 2 8 , it follows that 4 and 5 are the only two vertices of degree 3 in L. Note that the partition {1235, 4678} of V (M 3 9 ) \ {v} into two facets of M 3 9 is uniquely recovered from L as the pair of stars of the degree 3 vertices of L. (Star of a vertex u in a simplicial complex K is the join {u} * lk K (u).) Thus, there is a natural bijection between good vertices and pairs of disjoint facets.
Collapsing the two degree 3 vertices 4 and 5 in L, we obtain an S 2 6 with two disjoint triangle 123 and 678. Therefore, L is obtained from an S 2 6 by starring a vertex in each of two disjoint triangles. We know (see Proposition 2.1) that there are exactly two different S 2 6 , namely, S 3 and S 4 . Observe that each of these two S 2
